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Abstract
The original idea of quantum optical spring arises from the requirement of quan-
tization of the frequency of oscillations in the Hamiltonian of harmonic oscillator.
This purpose is achieved by considering a spring whose constant (and so its fre-
quency) depends on the quantum states of another system. Recently, it is realized
that by the assumption of frequency modulation of ω to ω
√
1 + µa†a the mentioned
idea can be established. In the present paper, we generalize the approach of quan-
tum optical spring with particular attention to the dependence of frequency to the
intensity of radiation field that naturally observes in the nonlinear coherent states,
from which we arrive at a physical system has been called by us as nonlinear quan-
tum optical spring. Then, after the introduction of the generalized Hamiltonian of
nonlinear quantum optical spring and it’s solution, we will investigate the nonclas-
sical properties of the obtained states. Specially, typical collapse and revival in the
distribution functions and squeezing parameters, as particular quantum features,
will be revealed.
Keywords: Nonlinear coherent states; Quantum optical spring; Nonclassical
states.
PACS: 42.50.-p, 42.50.Pq, 42.50.Dv
1 Introduction
Quantization of harmonic oscillator’s Hamiltonian with the definitions of creation
and annihilation bosnic operators is achieved. The equally-distance spectrum of
the system is described by (n+ 12)~ω. An important point is that in quantum and
classical Hamiltonians the frequency of oscillations (ω =
√
k/m) is not quantized.
The main idea of quantum optical spring lies in the quantization of frequency of
oscillations. In a sense, one may recognize that this is a further quantization which
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is imposed on the Hamiltonian (or strictly speaking, on the spring constant) of the
harmonic oscillators. Recently, Rai and Agarwal have designed a quantum optical
spring such that spring constant depends on the quantum state of another system
in a special form [1]. In fact, they followed this idea by replacing ω with ω
√
1 + µn,
where n = a†a is the number operator. Then, the Hamiltonian of their quantum
optical spring is introduced (in a special way) as
H =
p2
2m
+
1
2
mω2(1 + µn)x2. (1)
The factor which generalizes spring constant has been called quantized source of
modulation (QSM); which in this case is µn. The above Hamiltonian suggests that,
the eigenstate of the whole system is obtained by multiplying the number state with
the eigenfunctions of harmonic oscillator [1].
Generally, systems whose frequencies depends on the quantum states of another
physical system are known. The Hamiltonian (1) also shows that quantum optical
spring is a spring whose frequency depends on the number states of a second oscil-
lator (system) in a particular manner. So, the approach of quantum optical spring,
has it’s root simply in the intensity dependence of frequency of the oscillator. But,
this is a quite well-known phenomenon for people who work in quantum optics field
[2, 3]. Briefly speaking, recall that nonlinear coherent states are natural general-
ization of canonical coherent states (corresponding to linear harmonic oscillator) to
generalized coherent states (associated with nonlinear oscillators), showing special
kind of nonlinearities in vibrational modes. Nowadays, there are very many gener-
alized coherent states which can be classified in this important category of quantum
states [4, 5, 6, 7]. Interestingly, these states also constitute a noticeable part of
nonclassical light fields. Anyway, nonlinear coherent states are quantum states of
a radiation filed whose frequencies depends on the intensity of light. As one of the
most popular examples, we may refer to the q-oscillator which was appropriately
interpreted as a nonlinear oscillator with a particular type of nonlinearity [8]. In
such a system, the frequency of vibrations depends on the energy of the vibrations
via hyperbolic cosine functions which explicitly depend on the nonlinearity param-
eter of q-oscillator. This strange physical feature is elegantly recognized in Ref. [8]
by the phenomenon has been named blue shift.
Based on the above realizations, we motivate to establish a natural link between
the ”quantum optical spring” of Re. [1] and ”nonlinear coherent states”, which lead
us to the generalized notion of ”nonlinear quantum optical spring”. So, the main
goal of the present paper lies in the fact that, coupling the harmonic oscillator to a
QSM (as µn presented in [1]), may be performed in a ”natural” manner and at the
same time ”general” regime to nonlinear coherent states associated with nonlinear
oscillators. There are vast classes of nonlinear coherent states, each set characterizes
by an operator valued function f(n) (sometimes has been called the deformation
function). Therefore, unlike the unique case introduced by Rai and Agarwal, there
are many distinct types of ”nonlinear quantum optical spring” which are possible to
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be constructed. In addition, it is worth to mention that, due to the previously known
relation between discrete spectrum of solvable quantum systems with nonlinearity
functions of nonlinear coherent states, expressed simply by the relation en = nf
2(n)
[6], the coupling of harmonic oscillator to any quantum system with known discrete
spectrum may also be established, appropriately. So, new different types of nonlinear
quantum optical springs (corresponding to real physical systems such as Hydrogen-
like spectrum, Po¨schl-Teller potential, anharmonic oscillators and so on) can be
constructed and discussed, too. Thus, our approach to nonlinear quantum optical
spring which we suggest here is somewhat different from the one suggested in [1].
Although, it can recover the case of Ref. [1] as a special example. Briefly, two re-
markable features of our presented work is noticeable: (i) introducing the ”nonlinear
quantum optical spring” by establishing a natural link between ”quantum optical
spring” and the ”nonlinear coherent states”, which is a well-known field in quantum
optics, and (ii) the generality of the proposal and it’s potentiality to construct vari-
ous new types of ”nonlinear quantum optical spring”, either associated with known
nonlinearities f(n) or corresponding to discrete spectrum of physical systems en.
This latter advantage is due to the fact that, there exists various classes of known
physical systems, that may play the role of secondary systems, and couples to the
original harmonic oscillator. Therefore, some new classes of nonclassical states may
be generated following our proposed formalism.
The paper organizes as follows. In the next section, after introducing the non-
linear quantum optical spring and obtaining it’s Schro¨dinger equation solution, the
place of the optical spring of Rai and Agarwal in our general approach will be estab-
lished. In section 3 the dynamical behavior of the states of the introduced system
will be discussed. Quadrature squeezing criteria of entangled states of the nonlinear
quantum optical spring will be derived in section 4. Nextly, in section 5, as some
applications, the formalism will be applied to a few well-known systems and their
interesting properties will be studied. Finally, we conclude the paper in section 6.
2 Introducing nonlinear quantum optical spring
The main work of Rai and Agarwal [1] can be summarized in imposing the intensity
dependence on the frequency of a quantum harmonic oscillator. With appropriate
physical motivations, the special transformation from ω2 to ω2(1 + µn) lead to
the Hamiltonian of quantum optical spring according to relation (1), where the
authors obtained some elegant and interesting results. One can extend the particular
transformation mentioned above, to a generalized transformation ω2(1 + F (n)),
where F (n) is an appropriate function of number operator. Although F (n) may be
chosen arbitrarily, but we will confine ourselves to some appropriate functions with
special physical meaning behind them. For this purpose, recall that in the core of the
nonlinear coherent states in quantum optics there exists an operator-valued function
f(n) responsible for the nonlinearity of the oscillator algebras [2, 3]. These states
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attracted much attention in recent decades [4, 7]. As one of the special features of
these states, we may refer to intensity dependence of the frequency of nonclassical
lights. This important aspect of nonlinear coherent states has been apparently
clarified for the q-deformed coherent states with a particular nonlinearity function
[8]. Therefore, the main goal of our presentation which is to establish a natural
link between ”quantum optical spring” and ”nonlinear coherent states” associated
to nonlinear oscillator algebra, seems to be possible. This idea naturally leads
one to a general formalism for ”nonlinear quantum optical spring”. It is worth to
mention that although we emphasis on the nonlinearity of our introduced quantum
optical spring, as we will establish in the continuation of the paper, the special case
introduced by Rai and Agarwal is also nonlinear with a special nonlinearity function.
Accordingly, our work is not a generalization from linear to nonlinear quantum
optical spring. Instead, along finding the natural link between the quantum optical
spring and nonlinear CSs, in addition to enriching the physical basis of such systems,
a variety of quantum optical springs may be constructed.
Single-mode nonlinear coherent states are known with deformed ladder operators
A = af(n) and A† = f(n)a† where f(n) is an operator-valued function responsi-
ble for the nonlinearity of the system. We assumed f(n) to be real. A suitable
description for the dynamics of the nonlinear oscillator is
H = ωA†A. (2)
Before paying attention to the main goal of the present paper it is reasonable to
have a brief discussion on the form of the Hamiltonian in the nonlinear coherent
states approach. The Hamiltonian HM =
ω
2 (A
†A+AA†) has been introduced in [2]
in analogous to the quantized harmonic oscillator formalism. We have previously
established in [9] that requiring the ”action identity” criterion on the nonlinear co-
herent states leads us to the simple form of it as expressed in (2). This proposal
is consistent with the ladder operators formalism and Hamiltonian definition have
been outlined in supper-symmetric quantum mechanics contexts in the literature
[5, 10]. It is worth also to notice that recently a general formalism for the construc-
tion of coherent state as eigenstate of the annihilation operator of the ”generalized
Heisenberg algebra” (GHA) is introduced [11]. There are some physical examples
there. It is easy to investigate that the ”nonlinear coherent states” for single-mode
nonlinear oscillators, as the algebraic generalization of standard coherent states,
may be consistently placed in GHA structure only if one takes the Hamiltonian
associated to nonlinear oscillators as in (2). Indeed, one must consider
{
A,A†, J0
}
with J0 = H as the generators of the GHA. After all, our proposal allows us to re-
late simply the nonlinear coherent states to the one-dimensional solvable quantum
systems with known discrete spectrum, i.e., f(n) =
√
en/n, where H|n〉 = en|n〉.
Anyway, the time evolution operator
U(t) = exp(−iH(n)t/~) (3)
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gives the following expression for the time evolved operator A(t)
A(t) = U †(t)AU(t) = A exp(−iωΩ(n)t) (4)
where
Ω(n) ≡ (n+ 1)f2(n+ 1)− nf2(n). (5)
The latter relation indicates that frequency of oscillations depends explicitly on the
intensity in a more general regime. Now, we return to the Hamiltonian of harmonic
oscillator and deform it as follows
H = p
2
2m
+
1
2
mω2Ω2(n)x2 (6)
where the term Ω2(n) − 1 in the above Hamiltonian plays the role of QSM. The
Hamiltonian expression in (6) describes the dynamics of the nonlinear quantum
optical spring. Before we proceed, it is worth to notice that, while in (1) which
originates from [1] controlling the frequency is limited to number (Fock) states in
a special form, by our introduced Hamiltonian in (6) this task may be naturally
done with either any nonlinear coherent states associated with nonlinear oscillator
algebra or any generalized coherent states associated with any (one dimensional and
discrete) solvable quantum system.
Anyway, using the known solutions of harmonic oscillator with eigenfunction
φn(x) we obtain the solutions of Schro¨dinger equation for modulated Hamiltonian
as Hψpn |p〉 = E(p)n ψpn |p〉 as
ψpn = NnHn(αpx)
√
αp
α
exp(−1
2
α2px
2)
Epn = ~ωΩ(p)(n+
1
2
) (7)
where Hn is the nth order of Hermite polynomials, a
†a |p〉 = p |p〉, αp ≡ (mωΩ(p)~ )
1
2 ,
Nn = (
α√
pi2nn!
)
1
2 and Ω(p) introduced in (5). Note that ψpn is the eigenstate of
harmonic oscillator with frequency ω replaced by ωΩ(p), and the energy eigenvalues
of the modulated Hamiltonian in (7) characterized by two quantum numbers n and
p. For a fixed p these states form a complete set. Obviously, from Eq. (5) it may
be seen that if f(n) = 1 then Ω(n) = 1 and so ψpn simplifies to φn(x). From now
on we will follow nearly similar procedure of Rai and Agarwal with the same initial
state for the generalized modulated system we introduced in (1) as
ψ(t = 0) =
∑
p,n
Cpnφn(x) |p〉 . (8)
Making use of the time evolution operator with the Hamiltonian in (6) on Eq. (8)
we obtain
|ψ(t)〉 =
∑
p,n,l
Cpn exp
(−iEpl t
~
)〈
ψpl |φn
〉 |p〉 ∣∣ψpl 〉 . (9)
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For next purposes it is required to derive the density matrix with the following
result
ρ0 =
∑
n,l,m,j,p
∣∣ψpl 〉 〈ψpj ∣∣∣CpnC∗pm exp
[
−i(Epl − Epj )t
~
]
× 〈ψpl |φn〉 〈φn|ψpj〉 . (10)
Eq. (10) helps us to study the quantum dynamics of the oscillator coupled to QSM.
It is easy to check that setting
fRA(n) =
(∑n−1
j=0
√
1 + µj
n
)1
2
=

√µ
(
ζ(−12 , 1µ)− ζ(−12 , n+ 1µ)
)
n


1
2
(11)
or equivalently ΩRA(n) =
√
1 + µn in all above relations leads to the recent results
of Rai and Agarwal in [1], where ζ(m,n) is the well-known Zeta function. We
would like to end this section with mentioning that choosing different f(n)’s leads
to distinct nonlinear quantum optical springs. So our proposal can be actually
considered as the generalization of their work.
3 Quantum dynamics of the nonlinear quan-
tum optical spring
Let us consider the situation where QSM and the oscillator are respectively prepared
in a coherent state and in its ground state. Thus, one has
Cpn = δn0
αp exp(− |α|22 )√
p!
. (12)
It must be noted the equations (12) and (8) determine the initial states. So, no
relation between these terms and the evolution Hamiltionian described the nonlinear
oscillator may be expected. Inserting (12) into Eq. (10) we get
ρ0 =
∑ |α|2p exp(− |α|2)
p!
exp[−iωΩ(p)t(l − j)] ∣∣ψpl 〉 〈ψpj ∣∣∣
× 〈ψpl |φ0〉 〈φ0|ψpj〉 . (13)
The probability of finding the oscillator in the initial state is obtained by
P0(t) = 〈φ0 |ρ0|φ0〉 =
∑
p
|Ap|2Q(p) (14)
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where Q(p) = |α|
2p exp(−|α|2)
p! is the Poissonian distribution function and
Ap =
∑
l
exp[−iωΩ(p)tl]
∣∣〈ψpl |φ0〉∣∣2 . (15)
The latter formula is one of our key results for the description of nonclassical prop-
erties of the nonlinear quantum optical spring. Now, by calculating
〈
ψpl |φ0
〉
in (15)
one finally arrives at
Ap =
|βp|2
Ω(p)
1
2 [1− (β2p − 1)2 exp (−2iωΩ(p)t)]
1
2
(16)
where we set
β2p ≡
2 Ω(p)
1 + Ω(p)
. (17)
For classical source of modulation it is enough to replace p by |α|2 in Eq. (14).
Consequently
Pcl(t) =
|βα|4√
Ω2(|α|2)(1− 2(β2α − 1)2 cos(2ωαt) + (β2α − 1)4)
(18)
where ωα ≡ ωΩ(|α|2). Clearly Pcl oscillates at frequency 2ωα.
4 Quadrature squeezing of the states of non-
linear quantum optical spring
Since the number of photons and so the Hamiltonian operator in (2) is constant, we
have the following relations
x(t) = x(0) cos(ωΩ(n)t) +
p(0)
mωΩ(n)
sin(ωΩ(n)t)
p(t) = p(0) cos(ωΩ(n)t)−mωΩ(n)x(0) sin(ωΩ(n)t). (19)
Now we define the squeezing parameters as
Sx(t) =
〈
x2(t)
〉− 〈x(t)〉2
〈x2(0)〉 ,
Sp(t) =
〈
p2(t)
〉− 〈p(t)〉2
〈p2(0)〉 . (20)
Paying attention to (19) the latter parameters can be rewritten as follows:
Sx(t) =
〈x2(0) cos2(ωΩ(n)t)〉+ 〈( p(0)
mωΩ(n) )
2 sin2(ωΩ(n)t)〉
〈x2(0)〉 ,
Sp(t) = (〈p2(0) cos2(ωΩ(n)t)〉+ 〈(mωΩ(n)x(0))2 sin2(ωΩ(n)t)〉)
× 1〈p2(0)〉 . (21)
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The expectation values must be calculated with respect to the states in (8). As a
result it is easy to show
Sx(t) = 1−
∑
n
|α|2n exp(− |α|2) sin2(ωΩ(n)t)
n!
(
1− 1
Ω2(n)
)
Sp(t) = 1 +
∑
n
|α|2n exp(− |α|2) sin2(ωΩ(n)t)
n!
× (Ω2(n)− 1) . (22)
Note that, unlike the special case considered by Rai and Agarwal with Ω2(n) =
1 + µn for which Sx is always less than one (x-quadrature is always squeezed) and
hence p-quadrature is not squeezed at all, according to our results, this can not be
always so. All we may conclude from the two latter relations is that squeezing in
both quadratures may be occurred (certainly not simultaneously) depending on the
selected nonlinearity function f(n).
5 Physical applications of the formalism
Now, we like to apply the presented formalism to a few classes of nonlinear coherent
states where the nonlinear optical spring associated with those systems will be
clearly obtained. Indeed, there exists various nonlinearity functions in the literature
which have been introduced for different purposes, mainly due to their nonclassical
properties. Among them we only deal with two classes of them which seems to
be more familiar, i.e., ”q-deformed coherent states” and ”center of mass motion of
trapped ion”.
• q-deformed coherent states
As the first example we use the q-deformed nonlinearity function. Recall that
Man’ko et al showed that q-coherent states are indeed nonlinear coherent states
with nonlinearity function [8]
fq(p) =
√
qp − q−p
p(q − q−1) =
√
sinh(λp)
p sinhλ
(23)
where we have set q = lnλ. Clearly, the nonlinearity depends on the magnitude
of λ, too. The corresponding states have frequency dependence on the intensity
of radiation field (blue shift) [8]. By replacing Eq. (23) into (5) one readily
gets
Ωq(p) =
cosh
[
λ
2 (2p + 1)
]
cosh λ2
(24)
• Center of mass motion of trapped ion
As the second example for the construction of nonlinear quantum optical
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spring, we consider the nonlinearity function that is used for the description
of the motion of a trapped ion [3]:
fTI(n, η) = L
1
n(η
2)
[
(n + 1)L0n(η
2)
]−1
(25)
where Lmn are generalized Laguerre polynomials of order m and η is known as
the Lamb-Dicke parameter. Note that the nonlinearity also depends on the
magnitude of η. By replacing Eq. (25) into (5) one can readily deduce the
explicit form of ΩTI(p) (we do not show it here).
Our numerical results have been displayed in figures 1 and 2 show respectively for the
probability distribution function and squeezing parameter in x-quadrature against
τ for q-deformed coherent states with Ωq(p) introduced in (24). Notice that we have
used some fixed parameters in all figures (also notice that the mean photon number
is indeed |α|2 and τ = ωt/(2pi))). A typical collapse and revival exhibition may be
observed from the two figures, which is due to the discrete nature of the quantum
state of the source of modulation (quantization of the frequency of the oscillation).
In figure 3 (for center of mass motion of trapped ion) we displayed the probability
distribution as a function of τ for the different chosen parameters. In figure 4 (for
the same system) the squeezing parameter in x-quadrature have been shown against
τ . Collapse and revival exhibition can be observed from figures of the latter system,
too, which again have it’s roots in the fact that the spring constant is controlled
by another quantum source (QSM). To this end we would like to mention that, as
we stated before all cases considered by us and the special case of Rai and Agarwal
quantum optical springs are ”nonlinear” in nature according to our terminology, so
the general features of all are the same, at least qualitatively.
6 Conclusion
The presented formalism in the present manuscript compare to Rai and Agarwal
method in Ref. [1] has the advantage that the quantization of the frequency of
oscillations which comes out naturally from the nonlinear coherent states approach
were successfully imposed on the quantized Hamiltonian of harmonic oscillator. So,
in view of our presented approach, one has the possibility of imposing a further
quantization on the quantized harmonic oscillator in very many ways. In fact, our
formalism can be easily used for a wide range of nonlinear oscillators as well as
every solvable quantum systems, due to the simple relation en = nf
2(n) [5, 6, 12].
This proposal leads to squeezing in one of the quadratures of the field, as well
as typical collapses and revivals in probability distribution function and squeezing
parameter for the states of the ”nonlinear quantum optical spring”. The latter
results indicate that the states corresponding to nonlinear quantum optical spring
are purely quantum mechanical states, i.e., they are nonclassical states. This is
consistence with the results of [1], as one may expect. So, all we have done is that,
through paying attention to the basic motivation of the introduction of ”quantum
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optical spring”, i.e., quantization of frequency in a particular manner, we found
it’s most ”general” and ”fundamental” place in the ”nonlinear coherent states”
approach in quantum optics. In the light of setting this link, we have introduced
the general notion of ”nonlinear quantum optical spring”, through which a variety
of new and novelty nonclassical states may be obtained. The increased interest of
physicists in the field of quantum optics for generating the quantum states possessing
nonclassicality features is another demonstration for the origin of our presentation.
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FIGURE CAPTIONS:
Fig1. caption: The variation of P0 as a function of τ with parameters λ = 0.15
and α = 2 for QSM of q-deformed coherent states.
Fig2. caption: The variation of Sx(t) as a function of τ with parameters λ = 0.15
and α = 2 for QSM of q-deformed coherent states.
Fig3. caption: The variation of P0 as a function of τ with η = 0.2 and α = 1.25
for QSM of center of mass motion of trapped ion.
Fig4. caption: The variation of Sx(t) as a function of τ with η = 0.2 and
α = 1.25 for QSM of center of mass motion of trapped ion.
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